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QUOTIENTS OF CONIC BUNDLES
ANDREY TREPALIN
Abstract. Let k be an arbitrary field of characteristic zero. In
this paper we study quotients of k-rational conic bundles over P1
k
by finite groups of automorphisms. We construct smooth minimal
models for such quotients. We show that any quotient is bira-
tionally equivalent to a quotient of other k-rational conic bundle
cyclic group C2k of order 2
k, dihedral group D2k of order 2
k, alter-
nating group A4 of degree 4, symmetric group S4 of degree 4 or
alternating group A5 of degree 5 effectively acting on the base of
conic bundle. Also we construct infinitely many examples of such
quotients which are not k-birationally equivalent to each other.
1. Introduction
Let k be a field of characteristic zero, K = k (x1, . . . xn) be its purely
transcendental extension and G be a finite group acting on k. The
main purpose of this paper is to study when the field of invariants KG
is rational (i.e. purely transcendental) and construct some examples of
non-rational fields of invariants.
In the language of algebraic geometry this problem can be formulated
in the following way. Let X be a k-rational variety and G be a finite
subgroup of Aut(X). When the quotient X/G is k-rational? What is
the k-birational classification of quotients X/G? This is a special case
of a k-unirational varieties classification problem.
The answer for n = 1 is a classical result.
Theorem 1.1 (J. Lu¨roth [Lur76]). Any unirational curve is rational.
If n = 2 and the field k is algebraically closed then rationality of any
unirational surface follows from Castelnuovo’s rationality criterion (see
[Cast94] or [B96, Corollary V.5]).
Theorem 1.2. Let k be an algebraically closed field of characteristic
zero. Then any k-unirational surface is k-rational.
The author was partially supported by AG Laboratory HSE, RF govern-
ment grant, ag. 11.G34.31.0023 and the grants RFFI 15-01-02164-a and N.SH.-
2998.2014.1.
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If the field k is not algebraically closed then the analog of Theo-
rem 1.2 is not true. For example, any del Pezzo surface of degree 4
is k-unirational (see [Man74, Theorem 7.8]) but not all of them are
k-rational (see [Isk96, Chapter 4]). Moreover, the unirationality degree
of del Pezzo surface of degree 4 equals 1 or 2 thus this surface is ei-
ther k-birationally trivial or k-birationally equivalent to a quotient of
k-rational surface by group of order 2.
If a variety X is k-birationally equivalent to a quotient of k-rational
surface by a finite group of automorphisms then X is called Galois
k-unirational. Now there are no known ways to prove that a given ge-
ometrically rational (i.e. rational over algebraic closure of the field k)
surface is not k-unirational. But Galois k-unirational surfaces can be
studied in explicit way since groups acting on k-rational surfaces are
described (see [DI09a]). In this paper we study Galois k-unirational
surfaces which are k-birationally equivalent to quotients of conic bun-
dles. In following papers we plan to consider quotients of del Pezzo
surfaces and get full classification of Galois k-unirational surfaces.
If X is a k-rational surface and G ⊂ Aut(X) is a finite group by ap-
plying G-minimal model program one can obtain a G-minimal surface
S such that the quotients X/G and S/G are k-birationally equivalent.
Any G-minimal surface is either a del Pezzo surface or a conic bundle
(see [Isk79, Theorem 1]). Thus any quotient of a k-rational surface is
birationally equivalent to a quotient of a del Pezzo surface or a conic
bundle.
It is important to find examples of non-k-rational quotients of conic
bundles since degree of del Pezzo surfaces is bounded and for a conic
bundle S the number K2S can be arbitrarily small negative integer. Also
classification of quotients of conic bundles can be useful in studying k-
unirationality of conic bundles.
The main results of this paper are the following.
Theorem 1.3. Let k be a field of characteristic zero, X be a k-rational
surface and G be a finite group acting on X. Then the quotient X/G is
k-birationally equivalent to either a quotient of a k-rational del Pezzo
surface by a finite group of automorphisms, or a quotient of k-rational
conic bundle by cyclic group C2k of order 2
k, dihedral group D2k of
order 2k, alternating group A4 of degree 4, symmetric group S4 of
degree 4 or alternating group A5 of degree 5.
Theorem 1.4. Let k be a field of characteristic zero, X be a k-rational
surface and G be a finite group acting on X. Assume that |G| is odd,
|G| > 10 and |G| 6= 15. If G is cyclic or |G| is not divisible by 3 then
X/G is k-rational.
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In terms of fields of invariants Theorem 1.4 can be written in the
following way.
Theorem 1.5. Let k be a field of characteristic zero, K = k(x, y) and
G be a finite group acting on K and preserving k. Assume that |G| is
odd, |G| > 10 and |G| 6= 15. If G is cyclic or |G| is not divisible by 3
then KG is purely transcendental extension of k.
The next proposition generalizes particular case of [Isk96, Chapter 4]
(see also Theorem 2.9 below) for nontrivial groups G.
Proposition 1.6. If X is a k-rational G-equivariant conic bundle and
K2X > 5 then X/G is k-rational.
We need the following definition (see [Al94]) to formulate the main
result of this paper.
Definition 1.7. A class V of varieties is k-birationally bounded if there
is a morphism ϕ : X → S between algebraic schemes of finite type
such that every member of V is k-birationally equivalent to one of the
geometric fibres of ϕ. We say that V is k-birationally unbounded if it
is not k-birationally bounded.
There are many examples of birationally unbounded classes of va-
rieties of dimension 3 or greater over C. In particular, for n > 3
smooth n-dimensional varieties admitting a conic bundle structure are
birationally unbounded (see [Ok10, Theorem 1.5]).
We show that for some field k Galois k-unirational surfaces are
k-birationally unbounded. Quotients of del Pezzo surfaces are k-
birationally bounded since G-minimal del Pezzo surfaces are k-
birationally bounded. Therefore we consider quotients of conic bun-
dles.
Theorem 1.8. Let k be a field of characteristic zero such that not all
elements of k are squares and G be a finite group of automorphisms
of P1k. Then the class of G-quotients of k-rational conic bundles is
k-birationally unbounded in the following cases:
• If k contains ξk = e 2piik and G is a cyclic group C2k of order 2k;
• If k contains cos 2pi
k
and G is a dihedral group D2k of order 2k;
• If k contains i and G is an alternating group A4 of degree 4;
• If k contains i or i√2 and G is a symmetric group S4 of de-
gree 4;
• If k contains i and √5 and G is an alternating group A5 of
degree 5.
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Remark 1.9. Note that quotients of k-rational surfaces by a group G up
to k-birational equivalence bijectively correspond to fields of invariants
k(x, y)G up to isomorphism.
Corollary 1.10. In the assumptions of Theorem 1.8 there are infinitely
many conjugacy classes of subgroups isomorphic to G in BirP2k.
The plan of this paper as follows.
In Section 2 we review main notions of minimal model program, facts
about conic bundles and rationality.
In Section 3 we review some facts about finite subgroups of PGL2 (k)
and fixed points of these groups on P1k.
In Section 4 we study how the geometric group G acts on a
G-minimal conic bundle X . As a by-product we prove Proposition 1.6.
In Section 5 we study the action of the Galois group Gal
(
k/k
)
on
singular fibres of conic bundles and connection of this action with the
action of the geometric group G. Also we prove Theorem 1.3 and
Theorem 1.4.
In Section 6 we construct examples of non-k-rational quotients for
all groups listed in Theorem 1.8 and prove Corollary 1.10.
The author is grateful to his adviser Yu.G.Prokhorov and to
C.A. Shramov for useful discussions. Also the author would like to
thank the reviewers of this paper for many useful comments.
We use the following notation.
• k denotes an arbitrary field of characteristic zero,
• k denotes the algebraic closure of a field k,
• X = X ⊗ k,
• |G| denotes the order of a group G,
• ord g denotes the order of an element g ∈ G,
• Cn denotes the cyclic group of order n,
• D2n denotes the dihedral group of order 2n, in particular
D4
∼= C22,
• Sn denotes the symmetic group of degree n,
• An denotes the alternating group of degree n,
• (i1i2 . . . ij) denotes a cyclic permutation of i1, . . . , ij ,
• 〈g1, . . . , gk〉 denotes the group generated by g1, . . . , gk,
• diag(a, b) =
(
a 0
0 b
)
,
• KX denotes the canonical divisor of a variety X ,
• Fn denotes the rational ruled (Hirzebruch) surface
PP1(O ⊕ O(n)),
• X ≈ Y means that X and Y are k-birationally equivalent,
• TpX denotes the Zariski tangent space of X at a point p,
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• ξk = e 2pik .
2. Preliminaries
In this section we review main notions and results of the G-
equivariant minimal model program following the papers [Man67],
[Isk79], [DI09a], [DI09b]. Throughout this section G is a finite group.
Definition 2.1. A k-rational surface X is a surface over k such that
X is birationally equivalent to P2k.
We say that X is rational if X = X ⊗ k is k-rational.
A surface X over k is a k-unirational surface if there exists a k-
rational variety Y and a dominant rational map ϕ : Y 99K X .
Definition 2.2. A G-surface is a pair (X,G) where X is a projective
surface over k and G is a subgroup of Autk(X). A morphism of G-
surfaces f : X → X ′ is called a G-morphism (X,G) → (X ′, G) if for
each g ∈ G one has fg = gf .
A smooth G-surface (X,G) is called G-minimal if any birational
morphism of smooth G-surfaces (X,G)→ (X ′, G) is an isomorphism.
Let (X,G) be a smooth G-surface. A G-minimal surface (Y,G)
is called a minimal model of (X,G) if there exists a birational G-
morphism X → Y .
The classification of G-minimal rational surfaces is well-known due
to V. Iskovskikh and Yu.Manin (see [Isk79] and [Man67]). We recall
some important notions before surveying it.
Definition 2.3. A smooth rational G-surface (X,G) admits a conic
bundle structure if there exists a G-morphism ϕ : X → B such that
any scheme fibre is isomorphic to a reduced conic in P2k and B is a
smooth curve. The curve B is called the base of conic bundle.
Let ϕ : X → B be a conic bundle. A general fibre of ϕ is isomorphic
to P1
k
. The fibration ϕ has a finite number of singular fibres which are
degenerate conics. Any irreducible component of a singular fibre is a
(−1)-curve. If n is the number of singular fibres of ϕ then K2X +n = 8.
Definition 2.4. Let X be a G-surface that admits a conic bundle
structure ϕ : X → B. The conic bundle is called relatively G-minimal
over B if for any decomposition of ϕ into G-morphisms
X
ψ−→ X ′ → B
such that the morphism ψ is birational the morphism ψ is isomorphism.
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A conic bundle ϕ : X → B is relatively G-minimal over B if and only
if rk Pic(X)G = 2.
Definition 2.5. A del Pezzo surface is a smooth projective surface X
such that the anticanonical divisor −KX is ample.
Theorem 2.6 ([Isk79, Theorem 1]). Let X be a G-minimal rational
G-surface. Then either X admits a conic bundle structure over a ra-
tional curve with Pic(X)G ∼= Z2, or X is a del Pezzo surface with
Pic(X)G ∼= Z.
Theorem 2.7 (cf. [Isk79, Theorem 4], [Isk79, Theorem 5]). Let X
admit a G-equivariant structure of a conic bundle. Then:
(i) If K2X = 3, 5, 6, 7 or X
∼= F1 then X is not G-minimal.
(ii) If K2X = 8 then X is isomorphic to Fn.
(iii) If K2X 6= 3, 5, 6, 7, X 6= F1 and X is relatively G-minimal then
X is G-minimal.
(iv) If K2X = 3, 5, 6 and X is relatively G-minimal, then X is a del
Pezzo surface.
(v) If K2X = 7, then X is not relatively G-minimal.
The following lemma is implied by [Isk67, Theorem 1.6]. For conve-
nience of reader we give a sketch of proof.
Lemma 2.8. Let ϕ1 : X1 → B1 and ϕ2 : X2 → B2 be two relatively
minimal conic bundles such that ϕ1 has m singular fibres over points
p1, . . . , pm in B1 and ϕ2 has l singular fibres over points q1, . . . , ql
in B2. If X1 and X2 are birationally equivalent and K
2
X1
6 0 then
m = l and there exists an isomorphism B1 → B2 such that the points
p1, . . . , pm map to the points q1, . . . , ql up to permutation.
Proof. Let f : X1 99K X2 be a birational map. Then by [Isk67, Theo-
rem 1.6] there exists an isomorphism u : B1 → B2 such that uϕ1 = ϕ2f .
Therefore the map f decomposes into Sarkisov links of type II. The
image of a singular fibre under such link is a singular fibre. Thus m = l
and for any pi one has u(pi) = qj .

The following theorem is an important criterion of k-rationality over
an arbitrary perfect field k.
Theorem 2.9 ([Isk96, Chapter 4]). A minimal rational surface X over
a perfect field k is k-rational if and only if the following two conditions
are satisfied:
(i) X(k) 6= ∅;
(ii) K2X > 5.
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Corollary 2.10. Let X admit a relatively minimal conic bundle struc-
ture over a perfect field k. The surface X is k-rational if and only if
the following two condition are satisfied:
(i) X(k) 6= ∅;
(ii) K2X > 5.
Proof. If K2X > 5 and X(k) 6= ∅ then any minimal model Y of X is
k-rational by Theorem 2.9. Thus X is k-rational.
If K2X < 5 and X is relatively minimal then X is minimal if K
2
X 6= 3
by Theorem 2.7 (iii). Therefore if K2X 6= 3 then X is not k-rational by
Theorem 2.9. If K2X = 3 then there exists a minimal model Y of X
such that K2Y = 4 (see the proof of [Isk79, Theorem 4]). Thus Y and
X ≈ Y are not k-rational by Theorem 2.9. 
For convenience of the reader we use the following definitions.
Definition 2.11. Let X be a G-surface, X˜ → X be the minimal
resolution of singularities, and Y be a G-equivariant minimal model
of X˜. We call the surface Y a G-MMP-reduction of X .
Definition 2.12. Let X be a G-surface and let ϕ : X → B ∼= P1k be
a G-morphism such that its general fibre is a smooth rational curve.
Let X˜ → X be its (G-equivariant) minimal resolution of singularities,
and Y be a G-equivariant relatively minimal model of X˜ . We call the
surface Y a relative G-MMP-reduction of X over B.
3. Automorphisms of P1k
In this section we review some well-known facts about finite sub-
groups of PGL2 (k), i.e. group of automorphisms of P
1
k.
Theorem 3.1 (see [Bl17, Chapter III]). Let G be a finite subgroup of
PGL2
(
k
)
. Then G is one of the following group: Ck, D2k, A4, S4, A5.
One has PGL2 (k) ⊂ PGL2
(
k
)
therefore any finite subgroup of
PGL2 (k) is one of the groups listed in Theorem 3.1.
We need some facts about fixed points of elements of finite order.
Lemma 3.2. Elements g1, g2 ∈ PGL2
(
k
)
such that the group H =
〈g1, g2〉 is finite have the same pair of fixed points on P1k if and only
if the group H is cyclic. If two elements g1, g2 of finite subgroup of
PGL2
(
k
)
have a common fixed point on P1
k
then they have the same
pair of fixed points.
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Proof. Let two elements g1, g2 ∈ PGL2
(
k
)
have a common fixed point
p ∈ P1
k
and the group H = 〈g1, g2〉 is finite. The natural representation
H → GL (TpP1k) ∼= k∗
is faithfull (see e.g. [Pop14, Lemma 4]). Thus H is cyclic and all
elements of H have common pair of fixed points. 
Lemma 3.3 (cf. [Spr77, 4.4.6]). Let a finite group G faithfully act
on P1
k
. Then orbits of points with non-trivial stabilizer have the follow-
ing lengths:
• If G ∼= Ck, k > 2, then there are two orbits of length 1.
• If G ∼= D2k, k > 2, then there are an orbit of length 2 and two
orbits of length k.
• If G ∼= A4, then there are two orbits of length 4 and an orbit of
length 6.
• If G ∼= S4, then there are an orbit of length 6, an orbit of length
8 and an orbit of length 12.
• If G ∼= A5, then there are an orbit of length 12, an orbit of
length 20 and an orbit of length 30.
Now we want to construct some explicit representation of these
groups.
We use the following notation:
Id =
(
1 0
0 1
)
, I =
( −i 0
0 i
)
, J =
(
0 −1
1 0
)
, K =
(
0 i
i 0
)
,
Rk =
(
ξk 0
0 1
)
, S =
(
0 1
1 0
)
, ϕ =
1 +
√
5
2
.
Lemma 3.4. Let g ∈ PGL2 (k) be an element of finite order
ord g = k > 2. Then fixed points on P1k of the element g are defined
over k if and only if the field k contains an element ξk.
Proof. Assume that the element g is represented in PGL2 (k) as an
operator R˜k. Then over k the operator R˜k is conjugate to λRk, λ ∈ k.
One has
tr R˜k = λ (ξk + 1) ∈ k and det R˜k = λ2ξk ∈ k.
Note that fixed points of R˜k are defined over k if and only if eigenvalues
λξk and λ are defined over k. If ξk ∈ k and k 6= 2 then
λ =
tr R˜k
ξk + 1
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and λξk are defined over k. If the eigenvalues λξk ∈ k and λ ∈ k then
ξk ∈ k. 
Lemma 3.5. Let a field k contain element ξk. Then there is a cyclic
subgroup Ck ⊂ PGL2 (k) such that the fixed points of its generator on
P1k are defined over k.
Proof. The element Rk is defined over k and generates a group Ck. The
fixed points of Rk on P
1
k are (1 : 0) and (0 : 1). These points are defined
over k. 
Lemma 3.6. Let a field k contain element cos 2pi
k
. Then there is a
subgroup D2k ⊂ PGL2 (k). In this group there is an element of order 2
such that its fixed points on P1k are defined over k.
Proof. If a field k contains cos 2pi
k
then k contains cos2 pi
k
. Consider an
element
R˜k =
(
4 cos2 pi
k
− 1 −1
1 1
)
.
One has ord R˜k = k. Moreover, SR˜kS
−1 = R˜−1k . Therefore elements
R˜k and S generate a group D2k. The fixed points of S on P
1
k are (1 : 1)
and (−1 : 1). These points are defined over k. 
Remark 3.7. Note that if a field k does not contain element cos 2pi
k
then
there are no elements of order k in PGL2 (k).
Lemma 3.8. Let a field k contain element i. Then there is a subgroup
A4 ⊂ PGL2 (k). In this group there is an element of order 2 such that
its fixed points on P1k are defined over k.
Proof. Note that elements I, J and K are defined over k. The elements
I and Id + I + J +K generate the group A4. The fixed points of I on
P1k are (1 : 0) and (0 : 1). These points are defined over k. 
Lemma 3.9. Let a field k contain element i or i
√
2. Then there is a
subgroup S4 ⊂ PGL2 (k). In this group there is an element of order 2
such that its fixed points on P1k are defined over k.
Proof. If a field k contains element i then elements I, J and K are
defined over k. The elements I, Id + I + J +K and I + J generate the
group S4. The fixed points of I on P
1
k are (1 : 0) and (0 : 1). These
points are defined over k.
Let a field k contain element i
√
2. Consider an element
I˜ =
√
2I − iK =
( −i√2 1
1 i
√
2
)
.
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The elements I˜, Id + I˜ + J + I˜J and
I˜ + J =
( −i√2 0
2 i
√
2
)
generate the group S4. The fixed points of I˜ + J are (0 : 1) and
(−i√2 : 1). These points are defined over k. 
Lemma 3.10. Let a field k contain elements i and ϕ. Then there is a
subgroup A5 ⊂ PGL2 (k). In this group there is an element of order 2
such that its fixed points on P1k are defined over k.
Proof. Note that elements I, J and K are defined over k. The elements
I, Id + I + J + K and Id + ϕI + ϕ−1J generate the group A5. The
fixed points of I on P1k are (1 : 0) and (0 : 1). These points are defined
over k. 
4. Geometry of fibres and sections
In this section we prove the following theorem.
Theorem 4.1. Let X be a G-surface that admits a G-equivariant conic
bundle structure ϕ : X → B. Then any relative MMP-reduction Y over
B/G of the quotient X/G admits a conic bundle structure. Denote by
GB the image of G under the natural map Aut(X)→ Aut(B). Then
(i) If K2X > 5 then K
2
Y > 5;
(ii) If K2X < 5 then K
2
Y > K
2
X . If furthermore K
2
X = K
2
Y then
K2X = K
2
Y = 4 and GB
∼= C2 or GB ∼= D4.
Remark 4.2. Any del Pezzo surfaceX withK2X 6 3 and ρ(X) = 1 is not
birationally equivalent to a conic bundle (see [Man67, Theorem 5.7]).
Therefore by Theorem 4.1 such a surface is not birationally equivalent
to any quotient of any conic bundle.
Throughout this section we use the following notation.
Let a finite group G faithfully act on a relatively G-minimal conic
bundle ϕ : X → B ∼= P1k and n be the number of singular fibres of ϕ
over k. The morphism ϕ is G-equivariant. It means that there exists
an exact sequence:
1→ GF →֒ G։ GB → 1
where GF is a group of automorphisms of the generic fibre, acting
trivially on the base B ∼= P1k, and GB is a group of automorphisms
of B.
Note that the surface X/GF admits a natural structure of GB-
equivariant bundle X/GF → B.
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Lemma 4.3. General fibre of the bundle X/GF → B is a smooth conic.
Let Y → B be a relative GB-MMP-reduction of the bundle X/GF → B.
The number of singular fibres of Y → B is less or equal to n.
Proof. Let us consider a smooth fibre F ∼= P1
k
of the conic bundle
X → B. The group GF acts on F and the quotient F/GF is isomorphic
to P1
k
. Each non-trivial automorphism g ∈ GF has exactly two fixed
points on F , but in a neighbourhood of these points g acts as a reflection
because it acts trivially on B. Therefore there are no singular points
lying on F/GF in X/GF .
The G-morphism ϕ : X → B induces a GB-morphism
ψ : X/GF → B. A general fibre of ψ over k is isomorphic to P1k. Thus
by applying GB-equivariant Minimal Model Program over B to X/GF
one can obtain that a relative GB-MMP-reduction Y of X/GF is a
conic bundle. If the fibre over p ∈ B of the bundle X → B is smooth
then the fibre over p of the bundle Y → B is also smooth. Thus the
number of singular fibres of Y → B is less or equal to n. 
From now on we assume that GF is trivial and G = GB. If X
is minimal then the components of each singular fibre of the conic
bundle X → B are permuted by some element of G×Gal (k/k) since
otherwise we can contract G × Gal (k/k)-invariant set of (−1)-curves
lying in different fibers of the conic bundle.
Lemma 4.4. Any element g ∈ G does not permute the components of
any singular fibre.
Proof. Assume that there exists an element g ∈ G permuting the com-
ponents of a singular fibre F . Obviously, ord g is even. The element
g faithfully acts on the base B ∼= P1k therefore there are exactly two
fixed points p1 and p2 on B. If there exists a singular fibre F over any
other point p and an integer k such that gk permutes components of
this fibre then gk has at least three fixed points p, p1 and p2 on the
base. Thus the action of gk is trivial on the base and non-trivial on X .
This contradicts the assumption that GF is trivial.
Apply 〈g〉-minimal model program to the surface X . The obtained
surface Y has 1 or 2 singular fibres over points p1 and p2. Thus K
2
Y
equals 6 or 7. By Theorem 2.7 (iv) the surface Y is a del Pezzo surface
of degree 6.
Denote six (−1)-curves on Y by E1, E2, . . ., E6, where E2i = −1 and
Ei · Ej = 1 if i = j ± 1 (mod 6), otherwise Ei · Ej = 0. The element g
acts on these curves as follows:
gE1 = E2, gE2 = E1, gE3 = E6, gE4 = E5, gE5 = E4, gE6 = E3.
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The curves E3 and E6 are sections of the conic bundle Y → B, while
E1 ∪ E2 and E4 ∪ E5 are singular fibres of this bundle.
Consider the element h = g
ord g
2 . Note that h acts faithfully on the
base B therefore all h-fixed points on Y lie on the singular fibres of
the conic bundle Y → B. The curves Ei are not h-fixed since Y is
relatively 〈g〉-minimal. Thus by the Lefschetz fixed-points formula the
element h has exactly four fixed points on Y . But either all curves Ei
are h-invariant or hE1 = E2 and hE4 = E5. In the former case h has
six fixed points, and in the latter case h has two fixed points. This
contradiction finishes the proof. 
One has
G = GB ⊂ Aut (B) ∼= PGL2 (k) ⊂ PGL2
(
k
)
.
Therefore G is one of the following groups: cyclic group Ck, dihedral
groupD2k (including D4 = C
2
2), alternating group A4, symmetric group
S4 or alternating group A5 by Theorem 3.1.
We use the following well-known lemma whose proof is a direct com-
putation.
Lemma 4.5. Let p be a smooth point of a surface S and g be an element
of Aut(S) that fixes the point p. Let g act on TpS as diag (λ, µ) and
π : S˜ → S be a blowup of S at the point p. Then g has exactly two
fixed points p1 and p2 on the exceptional divisor of π and the actions on
Tp1S˜ and Tp2S˜ have the form diag
(
λ
µ
, µ
)
and diag
(
λ, µ
λ
)
respectively.
Lemma 4.6. Let g ∈ G be an element of even order. Then g-invariant
fibres of the conic bundle X → B are smooth.
Proof. Let p be a g-fixed point on B and F be a fibre over this point.
We can assume that in the neighbourhood of p the element g acts on
B as a multiplication by ξk.
Let F be a singular fibre so that F = E1 ∪E2. These curves E1 and
E2 are g-invariant by Lemma 4.4. Let q1 ∈ E1 and q2 ∈ E2 be g-fixed
points different from the point E1 ∩ E2.
In the neighbourhood of q1 the element g acts on E1 as a multipli-
cation by ξak for some a. If f : X → S is g-equivariant contraction
of E2 then the element g acts on Tf(E2)S as diag
(
ξk, ξ
−a
k
)
. Thus in
the neighbourhood of q2 the element g acts on E2 as a multiplication
by ξ−a−1k by Lemma 4.5. The point p is fixed only by elements of
cyclic groups containing g by Lemma 3.2. Therefore if an element t
of G × Gal(k/k) permutes E1 and E2 then tq1 = q2, tq2 = q1 and
the groups Gq1 = 〈diag (ξk, ξak)〉 and Gq2 = 〈diag
(
ξk, ξ
−a−1
k
)〉 coincide
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in GL2(k). It holds if and only if k is odd and a =
k−1
2
. The latter
equality contradicts assumption that k is even. 
Lemma 4.7. Let Y be a relative MMP-reduction of the quotient X/G
and f : X 99K Y be the corresponding rational map. Let g ∈ G be
an element of odd order such that the group 〈g〉 is not contained in a
bigger cyclic subgroup of G. Then for any g-invariant smooth fibre F
of X → B the fibre f(F ) of Y → B/G is smooth.
Proof. Let p be a g-fixed point on B and F be a fibre over this point.
We can assume that in the neighbourhood of p the element g acts on
B as a multiplication by ξk.
Let F be a smooth fibre. If g acts trivially on F then f(F ) is a
smooth fibre. Otherwise g has two fixed points q1 and q2 on F . In the
neighbourhood of q1 the element g acts on F as a multiplication by ξ
a
k
for some a and in the neighbourhood of q2 the element g acts on F as
a multiplication by ξ−ak .
Let us consider the quotient map π : X → X/G. There are two
singular points π(q1) and π(q2) on π(F ). These singularities are toric
thus for their minimal resolutions their preimages are chains of rational
curves. The selfintersection numbers of these curves −s1, . . ., −si and
−r1, . . ., −rj are determined by continued fractions
k
a
= s1 − 1
s2 − 1...− 1
si
,
k
k − a = r1 −
1
r2 − 1...− 1
rj
.
Let us consider a minimal resolution
µ : X˜/G→ X/G.
The preimage µ−1 (π(F )) is a chain of rational curves consisting of
µ−1 (π(q1)), µ
−1 (π(q2)) and the proper transform µ
−1
∗
π(F ). The dual
graph Ξ of µ−1 (π(F )) admits at most one nontrivial automorphism
which switches the ends of this chain.
If there is no non-trivial automorphisms of the graph Ξ then the
Galois group Gal
(
k/k
)
cannot permute irreducible components of
µ−1 (π(F )) and applying the relative minimal model program over k
one can obtain that f(F ) is a smooth fibre since for singular fibre there
are not any automorphisms permutting its components. If there is a
non-trivial automorphism then
i = j, s1 = r1, . . . , si = rj.
Therefore
k
a
=
k
k − a, so that a =
k
2
13
and the number k is even. It contradicts assumption that k is odd. 
Lemma 4.8. Let π : X → X/G be the quotient morphism, Y be a
relative MMP-reduction of the quotient X/G and f : X 99K Y be the
corresponding rational map. Let g ∈ G be an element of odd order
such that the group 〈g〉 is not contained in a bigger cyclic subgroup of
G. Consider a g-invariant fibre F of X → B. If F is singular then
f(F ) is singular fibre.
Proof. Let p be a g-fixed point on B and F be a fibre over this point.
We can assume that in the neighbourhood of p the element g acts on
B as a multiplication by ξk.
The conic bundle X → B is relatively G-minimal thus the compo-
nents of π(F ) are permuted by the Galois group Gal
(
k/k
)
.
Let F = E1 ∪E2 be a singular fibre. The element g cannot act triv-
ially on the both components of F . If g acts trivially on a component
of F then on the other component there is an isolated fixed point of g.
Therefore there is an unique singular point lying on a component of
π(F ) and components of π(F ) cannot be permuted by the Galois group
Gal
(
k/k
)
. Thus the element g acts effectively on both components E1
and E2 and has three fixed points on F : the intersection of components
E1 ∩ E2, the other fixed point q1 on E1 and the other fixed point q2
on E2.
In the neighbourhood of q1 the element g acts on E1 as a multi-
plication by ξak for some a. In the proof of Lemma 4.6 it was shown
that k = 2a+ 1 and g acts in the neighbourhood of q2 as diag (ξk, ξ
a
k).
Therefore g acts in the neghbourhood of E1 ∩ E2 as diag
(
ξ−ak , ξ
−a
k
)
.
There are three singular points π(q1), π(q2) and π(E1∩E2) on π(F ).
These singularities are toric thus for their minimal resolutions their
preimages are chains of rational curves. The selfintersection numbers
of these curves for π(q1) and π(q2) are determined by the continued
fraction
2a+ 1
a
= 3− 1
2− 1...− 1
2
.
The transform of π(E1 ∩ E2) is a rational (−2a− 1)-curve.
Let us consider a minimal resolution
µ : X˜/G→ X/G.
The preimage µ−1 (π(F )) is a chain of rational curves with the following
selfintersections: −3, −2, . . ., −2, −1, −2a − 1, −1, −2, . . ., −2, −3.
Applying the relative minimal model program one can easily check that
f(F ) is a singular fibre.
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Table 1.
Group n m Conditions
C2k 2kb a+ b a 6 2
C2k+1 a+ (2k + 1)b a+ b a 6 2
D4k 4kc a+ b+ c a 6 1, b 6 2
D4k+2 2a + (4k + 2)c a+ b+ c a 6 1, b 6 2
A4 4a + 12c a+ b+ c a 6 2, b 6 1
S4 8a+ 24d a + b+ c + d a 6 1, b 6 1, c 6 1
A5 12a+ 20b+ 60d a + b+ c + d a 6 1, b 6 1, c 6 1

Proposition 4.9. Let X be a relatively G-minimal conic bundle with n
singular fibres and GF be trivial. Then any MMP-reduction Y of X/G
admits a conic bundle structure. For the number n of singular fibres on
X from Table 1 the number of singular fibres on Y is no greater than
m in Table 1.
Proof. Denote the map X 99K Y by f . Let F be a fibre of Y → B/G
then f−1(F ) is an orbit of G. We denote this orbit by Ω and stabilizer
of a fibre in this orbit by GS. By Lemmas 4.6 and 4.7 if F is a singular
fibre on Y then:
• either Ω consists of singular fibres and |GS| is odd.
• or Ω consists of smooth fibres and |GS| is even.
Each orbit of fibres corresponds to an orbit of points on the base.
Therefore we know numbers of orbits of fibres with non-trivial sta-
bilizers from Lemma 3.3. Applying this, for each singular fibre F we
consider the orbit Ω. The numbers a, b, c and d in Table 1 are numbers
of orbits with given length.
The proof is the same for all cases listed in Table 1. Therefore we
consider just one of them, for example, G ∼= D4k+2. For any singular
fibre F on Y the orbit Ω consists of 2 singular fibres, 2k + 1 smooth
fibres or 4k + 2 singular fibres. If we denote numbers of such fibres F
by a, b and c respectively then there are a+ b+ c singular fibres on Y
and at least 2a+ (4k + 2)c singular fibres on X .

Now we prove Theorem 4.1.
Proof of Theorem 4.1. Let n and m be numbers of singular fibres on
X → B and Y → B/GB respectively.
Let us consider a relative GB-MMP-reduction Z of X/GF . By
Lemma 4.3 the number of singular fibres of Z → B is not greater
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than n. The surface Y is a relative MMP-reduction of Z/GB. Apply-
ing Proposition 4.9 to different possibilities for GB one can check the
following:
• If n 6 3 then m 6 3.
• If n > 3 then m 6 n.
• If m = n > 3 then m = n = 4 and GB ∼= C2 or GB ∼= D4.
Applying equalities K2X = 8− n and K2Y = 8−m finishes the proof.

Now we prove Proposition 1.6.
Proof of Proposition 1.6. For any relative MMP-reduction Y of X/G
one has K2Y > 5 by Theorem 4.1. Thus X/G
∼= Y is k-rational by
Corollary 2.10. 
5. The Galois group
In this section we prove Theorem 1.3, Theorem 1.4 and the following
proposition:
Proposition 5.1. Let X → B ∼= P1k be a relatively G-minimal conic
bundle, such that the group G faithfully acts on the base B. Let Γ be the
Galois group Gal
(
k/k
)
. Let Y be a relative MMP-reduction over B/G
of the minimal resolution of X/G and f : X 99K Y be the corresponding
map. Let F be a singular fibre over a point p ∈ B such that f(F ) is a
singular fibre on Y , E1 and E2 are irreducible components of F .
Then there exist elements g ∈ G and γ ∈ Γ such that gγE1 = E2 and
gγE2 = E1 and (up to conjugation) one of the following possibilities
holds:
(1) There exists an element δ ∈ Γ such that δE1 = E2.
(2) The stabilizer of p in G is trivial, ord g is even and γp = g−1p.
(3) G ∼= D4k+2, p is a point fixed by the normal cyclic subgroup
C2k+1, g is any element of order 2 and γp = gp.
(4) G ∼= S4, p is a (123)-fixed point, g = (12) and γp = (12)p.
(5) G ∼= A5, p is a (12345)-fixed point, g = (25)(34) and
γp = (25)(34)p.
(6) G ∼= A5, p is a (123)-fixed point, g = (12)(45) and
γp = (12)(45)p.
We start with several auxiliary lemmas.
Lemma 5.2. In the notation of Proposition 5.1 if ord g is odd then
there exists an element δ ∈ Γ such that δE1 = E2.
16
Proof. One has gγE1 = E2 and ord g is odd, therefore
E2 = (gγ)
ord g E1 = γ
ord ggord gE1 = γ
ord gE1
and δ = γord g is an element of Γ such that δE1 = E2. 
Lemma 5.3. In the notation of Proposition 5.1 all points in 〈g〉-orbit
has the same stabilizer in G.
Proof. Let H ⊂ G be the stabilizer of the point p. For any h ∈ H one
has
hglp = γ−lh (gγ)l p = γ−lp = gl (gγ)−l p = glp.
Therefore all points in the 〈g〉-orbit of p are fixed by the group H . 
Now we prove Proposition 5.1.
Proof of Proposition 5.1. The fibre F is singular so its components are
permutted by an element
gγ ∈ G× Γ, g ∈ G, γ ∈ Γ
such that gγE1 = E2, gγE2 = E1.
By Lemma 5.2 if ord g is odd then there exists an element δ ∈ Γ such
that δE1 = E2. This is case (1) of Proposition 5.1.
If ord g is even and the stabilizer of p in G is trivial then this is case
(2) of Proposition 5.1.
Assume that ord g is even and the stabilizer of p in G is non-trivial.
By Lemma 5.3 any element h of the stabilizer of the point p also fixes
the points gp and g2p. If ord g > 2 then h fixes more than 2 points on
B, so h acts trivially on B. It contradicts the assumption that G acts
faithfully on B. Thus ord g = 2.
By Lemma 4.6 the stabilizer of the point p is generated by an element
h ∈ G of odd order. By Lemma 5.3 one has hgp = gp so by Lemma 3.2
the points p and gp are fixed only by the element h and its powers.
Thus one has ghg−1 ∈ 〈h〉. Applying Lemma 3.3 one can consider all
possibilities (up to conjugation) for G, h and g and check that they all
are listed in cases (3)–(6) of Proposition 5.1:
• G ∼= D4k+2, h is a generator of the normal subgroup C2k+1 and
g is any element of order 2.
• G ∼= S4, h = (123) and g = (12).
• G ∼= A5, h = (12345) and g = (25)(34).
• G ∼= A5, h = (123) and g = (12)(45).

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In Section 6 we will show that all possibilities listed in Proposition 5.1
occur for a suitable field k. Now we show that some quotients of k-
rational conic bundles by groups faithfully acting on the base are k-
birationally equivalent.
Lemma 5.4. Let a group G = Ck or G = D2k act on a relatively
G-minimal k-rational conic bundle X. Let N be a maximal cyclic sub-
group in G of odd order. Then X/N is k-rational.
Proof. Let Γ = Gal
(
k/k
)
. Let F be a singular fibre over a point p ∈ B.
By Lemma 5.2 if for an element g ∈ N there exists an element γ ∈ Γ
such that gγ permutes components of F , then there exists an element
δ ∈ Γ permuting the components of a singular fibre F . Otherwise, there
is no element ε ∈ Γ permuting the components of the image of F in
X/N . Therefore by Lemma 4.7 the number of singular fibres on relative
G/N -MMP reduction Y of X/N whose components are permuted by
an element of Γ is not greater than the number of singular fibres on X
whose components are permuted by an element of Γ.
Let X˜ and Y˜ be relative minimal models of X and Y respectively.
Then the number of singular fibres of Y˜ is not greater than the number
of singular fibres of X˜ . Thus K2
Y˜
> K2
X˜
> 5. Therefore Y ≈ Y˜ are
k-rational by Corollary 2.10. 
Now we prove Theorem 1.3.
Proof of Theorem 1.3. Let us consider a k-rational G-surface X . Ob-
viously, the quotient X/G is birationally equivalent to X˜/G where X˜
is a G-equivariant minimal model of X . By Theorem 2.6 the surface
X˜ is a del Pezzo surface or admits a structure of G-equivariant conic
bundle.
If X˜ is a del Pezzo surface then we are done.
If X˜ → B ∼= P1k is a conic bundle then there is a normal subgroup
GF ⊂ G acting trivially on B. The quotient X˜/GF is k-rational
by Lemma 4.3 and X/G is k-birationally equivalent to (X˜/GF )/GB,
where GB = G/GF and X˜/GF is the minimal resolution of singulari-
ties of X/GF .
Let Y be a relative GB-MMP reduction of X˜/GF . Then the group
GB faithfully acts on the base B thus GB is isomorphic to Ck, D2k,
A4, S4 or A5. In the first two cases we can consider a maximal cyclic
group N of odd order. By Lemma 5.4 the quotient Y/N is a k-rational
conic bundle. Thus the quotient X/G is k-birationally equivalent to
a quotient of the k-rational conic bundle Y/N by a cyclic or dihedral
group G/N of order 2n. 
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To prove Theorem 1.4 we use the following well-known lemma.
Lemma 5.5. Let X be an n-dimensional toric variety over a field k
of arbitrary characteristic and let G be a finite subgroup conjugate to
a subgroup of an n-dimensional torus T
n ⊂ X acting on X. Then the
quotient X/G is a toric variety.
Now we prove Theorem 1.4.
Proof of Theorem 1.4. Consider a G-minimal model X of S. Then X
is either a conic bundle or a del Pezzo surface by Theorem 2.6.
If X is a conic bundle then X/G is k-rational by Theorem 1.3. So
we can assume that X is a del Pezzo surface.
The classification of finite groups of automorphisms of del Pezzo sur-
faces is well-known (see [DI09a] and [Pr13, footnote to Theorem 1.1]).
If X is a del Pezzo surface of degree 5 or less and G is a group of odd
order, |G| > 9 and |G| 6= 15 then one can check that order of G is
divisible by 3 and G is not cyclic. It contradicts assumptions of the
corollary.
If X is a G-minimal del Pezzo surface of degree 6 or more then X is
isomorphic to P2
k
, P1
k
×P1
k
or to a blowup of P2
k
at three points not lying
on a line. The corresponding groups of automorphisms are PGL3
(
k
)
,(
PGL2
(
k
)× PGL2 (k))⋊ C2 and T2 ⋊S3 respectively.
Any cyclic subgroup of PGL3
(
k
)
is conjugate to a diagonal sub-
group. From classification of finite subgroups of PGL3
(
k
)
(see [Bl17,
Chapter V]) one can easily see that if |G| is odd and is not divisible
by 3 then G is also conjugate to a diagonal subgroup. Any diagonal
subgroup is a subgroup of a torus acting on P2
k
.
If X ∼= P1
k
× P1
k
and |G| is odd then G is a subgroup
of PGL2
(
k
)× PGL2 (k). By Theorem 3.1 the group G is a subgroup
of Cm × Cl for some odd m and l. Thus it is a subgroup of a torus
acting on X .
If X → P2
k
is a blowup of three points not lying on a line and G is
not a subgroup of a torus acting on X then the composition of maps
G →֒ T2 ⋊S3 ։ S3
has a nontrivial image C3. In particular, |G| is divisible by 3. Therefore
by conditions of Theorem 1.4 the group G should be cyclic. The map
X → P2
k
is G-equivariant. Thus G is a subgroup of a torus acting on
P2
k
and X .
If G is a subgroup of a torus acting on X then by Lemma 5.5 the
quotient X/G is a k-form of a toric surface. Thus an MMP-reduction
19
Y of X is a k-form of toric surface which is either a del Pezzo surface
of degree no less than 6 or a conic bundle with no more than 2 singular
fibres since other minimal surfaces are not toric. Therefore K2Y > 6.
So both X/G ≈ Y and Y are k-rational by Theorem 2.9. 
6. Example of nonrationality
In this section we construct explicit examples of non-k-rational quo-
tient of k-rational conic bundle. Note that by Theorem 4.1 and Corol-
lary 2.10 to construct such an example we should realise one of the
cases (2)–(6) of Proposition 5.1. We show that all these cases can be
realized for suitable field k.
Example 6.1. Consider a projective plane P2k with coordinates x, y
and z and a projective line P1k with coordinates t1 and t0. Let a finite
group G act on P1k and g ∈ G be an element of even order l such that
points (0 : 1) and (1 : 0) are fixed by g. In particular, one has
g (λ : 1) = (ξlλ : 1) .
The group G naturally acts on homogeneous polynomials in variables
t1 and t0.
Let Z be a hypersurface in P2k × P1k given by the equation
Ax2
n∏
i=1
∏
h∈G
h (t1 − λit0) +By2
(∏
h∈G
h (t0)
)n
+ Cz2
(∏
h∈G
h (t0)
)n
= 0.
The projection π : P2k×P1k → P1k defines on Z a structure of a bundle
over B ∼= P1k whose general fibre is a smooth conic. Let X → B be
a relative G-MMP-reduction over B of Z. Note that the conic bundle
π : Z → B has singular fibres exactly over points h (λi : 1) and h(1 : 0),
h ∈ G. Moreover, by Lemma 4.6 the fibres of ϕ : X → B over points
h(1 : 0) are smooth since these points are fixed by the elements of even
order hgh−1.
Now assume that in the field k there is an element u such that
Gal
(
k
(
l
√
u
)
/k
) ∼= Cl.
That means that the equation xl = u has no solutions in k and ξl ∈ k.
Let λi = µi l
√
u, µi ∈ k and BC = −u. In this case the surface Z is well
defined since G-orbit of the point (λi : 1) includes all solutions of the
equation tl1 − µliutl0 = 0 defined over k. Let
γ ∈ Gal (k ( l√u) /k)
be the generator of the group acting by γ : λi 7→ ξ−1l λi.
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Now fix a k-point q ∈ P1k and find a coefficent A such that fibre over
q contains a k-point.
We show that this construction gives examples of k-nonrational quo-
tients of k-rational surfaces.
We want to show that this example exists for some field k and
group G and gives a class of quotients of k-rational surfaces which
is k-birationally unbounded class.
Proposition 6.2. Let a field k contain an element u such that
Gal
(
k
(
l
√
u
)
/k
) ∼= Cl.
In the notation of Example 6.1 assume that the points (λi : 1) have triv-
ial stabilizers in G. Then the surface X is k-rational and any relative
MMP-reduction Y of X/G admits a conic bundle structure with at least
n singular fibres. In particular, if n > 3 then Y is not k-rational. If
n > 8 then the construction of Examle 6.1 gives an (n−3)-dimensional
family of surfaces of different k-birational types.
Proof. All components of singular fibres of ϕ : X → B are defined over
k ( l
√
u) and for any singular fibre F of ϕ one has γF 6= F . So one can
Gal (k ( l
√
u) /k)-equivariantly contract a component in each singular
fibre of ϕ and obtain a conic bundle S → B without singular fibres.
By construction S has a k-point. So both S and X ≈ S are k-rational
by Corollary 2.10.
Consider a singular fibre F of ϕ over (λi : 1). Let f : X → X/G
be the quotient morphism. Note that the image of the point (λi : 1)
is a k-point on P1k/G since the set {h (λi : 1)}h∈G is defined over k.
The image f(F ) is a singular conic given by equation By2 + Cz2 = 0.
Therefore the element γ permutes components of f(F ) since B
C
= −u.
Thus the conic bundle Y has at least n singular fibres. If n > 3 then
Y is not k-rational by Corollary 2.10.
The conic bundle Y → B/G has n singular fibres over points
p1, . . . , pn which are the images of points (λi : 1) where λi = µi l
√
u.
The elements µi can be any elements of k such that points (λi : 1) are
not fixed by any element of G and lie in different orbits of G. There-
fore n-tuples (µ1, . . . , µn) form an n-dimensional family. The group G
is finite therefore we have an n-dimensional family of n-tuples of points
(p1, . . . , pn) on B/G. Since n > 8 by Lemma 2.8 two conic bundles can
be birationally equivalent only if the group PGL2 (k) moves one n-tuple
of points to other. One has dimk PGL2 (k) = 3 therefore the construc-
tion of Example 6.1 gives an (n− 3)-dimensional family of surfaces of
different k-birational types.

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Lemma 6.3. Let k be a field of characteristic zero such that not all
elements of k are squares, G be a finite group acting on P1k and g ∈ G
be an element of order 2 such that its fixed points on P1k are defined
over k. Then the class of quotients of k-rational surfaces by the group
G is k-birationally unbounded.
Proof. Assume that for the group G any G-quotient of a k-rational
surface is k-birationally equivalent to a fibre of some family ψ : X → S.
Let m be dimension of S. Put n = m+ 8.
The fixed points of the element g ∈ G on P1k are defined over k. So we
can assume that these points are (1 : 0) and (0 : 1). Now we can apply
the construction of Example 6.1 to the group G, field k and n singular
fibres on the quotient surface. By Proposition 6.2 the dimension of
family of such surfaces up to k-birationally equivalence is n− 3 that is
greater than m. The obtained contradiction finishes the proof.

Remark 6.4. In Lemma 6.3 we actually show that for an arbitrarily
large number n there exists an (n− 3)-dimensional family of Galois k-
unirational conic bundles with n singular fibres. This method is similar
to [Ok10].
Now we prove Theorem 1.8.
Proof of Theorem 1.8. By Lemma 6.3 to prove Theorem 1.8 it is suf-
ficient to find a representation of G such that the fixed point of an
element of order 2 in G are defined over k. The required representa-
tions are given in Lemmas 3.5, 3.6, 3.8, 3.9 and 3.10.

Remark 6.5. Let us consider Example 6.1 and put some λi being ele-
ments of k. Then the conic bundle X → B has some singular fibres.
If the number of such fibres is greater than 3 then X is not k-rational.
The family of conic bundles with fixed number of singular fibres is k-
birationally bounded, but similarly to Theorem 1.8 we can show that
the family of G-quotients of such surfaces is k-birationally unbounded.
Therefore there exists a non-k-rational k-birational type of surfaces
which G-quotients are k-birationally unbounded.
Proof of Corollary 1.10. Let G1 and G2 be two subgroups of BirP
2
k.
Consider k-rational surfaces X1 and X2 such that the actions of G1 on
X1 and G2 on X2 are regular. Recall that G1 and G2 are conjugate
in BirP2k if and only if there exist a surface X and two equivariant
birational morhpisms π1 : X → X1 and π2 : X → X2 such that the
actions of G1 and G2 coincide on X .
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Therefore if G1 and G2 are conjugate then
X1/G1 ≈ X/G1 ≈ X/G2 ≈ X2/G2.
Thus if for two subgroups G1 ∼= G2 in BirP2k the quotients X1/G1
and X2/G2 are not k-birationally equivalent then G1 and G2 are not
conjugate in BirP2k.
By Theorem 1.8 the class of G-quotients of k-rational surfaces is k-
birationally unbounded. Therefore there are infinitely many subgroups
isomorphic to G in BirP2k up to conjugation.

In Proposition 6.2 we assume that points (λi : 1) have trivial stabi-
lizers in G. This case corresponds to case (2) of Proposition 5.1. Now
we show that Example 6.1 works for orbits consisting of points with
non-trivial stabilizer (cases (3)–(6) of Proposition 5.1).
Lemma 6.6. Let G be a finite group acting on B = P1k, g be an ele-
ment of order 2 such that its fixed points are defined over k, h be an
element of odd order such that its fixed points are not defined over k
and ghg−1 ∈ 〈h〉. Let p be a fixed point of h on B and q be its image
on B/G.
Then there exists a relatively G-minimal conic bundle X → B such
that the fibre of X → B over p is singular and for a relative MMP-
reduction Y → B/G of X/G → B/G the fibre of Y → B/G over q is
singular.
Proof. The fixed points of g are defined over k so we can assume that
g acts as
(t1 : t0) 7→ (−t1 : t0)
and its fixed points are (1 : 0) and (0 : 1). Thus we can apply con-
struction of Example 6.1. One has ghg−1 ∈ 〈h〉 therefore the element
g permutes fixed points of h. So the element h has fixed points (λ : 1),
(−λ : 1). These points are permuted by the group
C2
∼= Gal (k (λ) /k) ,
thus λ2 ∈ k. In the notation of Example 6.1 we can put u = λ2, λ1 = λ.
The fibre of X → B over p = (λ : 1) is singular since the element gγ
permutes components of the fibre of Z → B over p (see the notation of
Example 6.1). The fibre of Y → B/G over q is singular by Lemma 4.8.

Proposition 6.7. In the notation of Proposition 5.1 for each case (3)–
(6) there exists a field k and a G-equivariant conic bundle X → B such
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that the components of F are not permuted by Γ and the components
of f(F ) are permuted by Γ.
In particular, this condition holds
• for the case (3) if cos 2pi
2k+1
∈ k and ξ2k+1 /∈ k;
• for the case (4) if i√2 ∈ k and ξ3 /∈ k;
• for the case (5) if i ∈ k, √5 ∈ k and ξ5 /∈ k;
• for the case (6) if i ∈ k, √5 ∈ k and ξ3 /∈ k.
Proof. In each group D4k+2, S4 and A5 there exist two elements g and
h such that ord g = 2, ord h is odd and ghg−1 ∈ 〈h〉. By Lemma 6.6
it is sufficient to find a field k and a representation of the group G in
PGL2(k) such that the fixed points of the element g are k-points and
the fixed points of an element h are not defined over k.
By Lemma 3.4 if the fixed points of element h are not defined over k
then ξordh /∈ k. The representations given in Lemmas 3.6, 3.9 and 3.10
satisfy the previous conditions.

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